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ABSTRACT 
. . -r' V" . The general bend·1ng··· theory .equations for _oy11ndr1cal . 
shells were employed to determine the displacements and 
stresses due to gravity forces.in cylindrical shellswith 
1 the displacements at the shell support being specified. 
~ The theoretical approach was solved by. a computer. The 
theoretical stresses were verified by.an experimental 
stress analysis of a Plexlglasc,plast1o model instrumented 
with eleotrio resistance strain gages, 
Good agreement between theoretical and experimental 
stresses.was obtained at all points except at the edge 
of the stiffener support ring. The analytical madel ·oan 
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Explana t 1 on 
Radius of middle surface of shell 
Diameter of middle surface of shell 
Young's modulus of elasticity 
Distanoe between adjacent points 
.. 
on·middle shell surface, mesh size 
" 
Combined area moment of inertia of 
stiffener ring and shell with same 
width as ring 
Total reaction at support 
Applied load to middle shell surface 
Shell thickness 
Displacement in direction of the 
cylinder generatrix, positive for r 
increasing x 
Displacement tangent to ciroumferenoe 
of cylinder, pbstt1ve in direction 
of increasing~ 
.Displace·ment · normal to middle surface 
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Angle between vertical and 
support 
,. 
~. ,ljJ. •·'· ·, 
roll·er' 
Angle measured 1from vertical to 
point in question 
Po1ss1on 1s Ratio 
r 
Position of var1a.bloe along x-axis 
(Figure 1) 
Angular position of variable 
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The problem at hand involves the determination of 
the deformatt·ons and stresses a.ue to gravity forces in 
circular cylindrical Shells supported at stiffener rings "'J 
' I 
by two rol-lers. The practical importance of this inves-
tigation arises from the· need for- more precJse cement . 
kiln design. This analysis can also be applied to · 
pressure vessels, or other cylindrical vessel designs, 
where it is necessary to determine the deformation and 
stresses du·e to gravity forces, Figure 1. 
The objective is achieved by using the general theory 
of the bending of thin shells developed by E. Reissner 
(Ref. 1). _Timoshenko (Ref. 2), Bijllard. (Ref, , 4, 5, 6), 
Biezeno and Grammel · (Ref. 7), Flugge (Re,f. 8), a_nd Wang 
(Ref. 9), have developed deformation equilibrium equations 
for cylindrical shells base~ on Re1ssner•s work. The most 
complete set of equations was developed by the last three 
references; the equations from Wang are used in this inves-
. t1gat1on. In Section II, a finite-difference approach is 
used to reduce the equilibrium equations to·a set of simul-
taneous equations whioh are solved by a computer program 
written by the author. The theoretical analysis is checked 
by an experimental stress analysis of a plastic model. A 
discussion of the experimental analysis is given in 
Section IV. 't 
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·· It' can be oonoluded rfom thia investigation that th·e 
]'. 
large displacements at the stiffener ring deorea.se vety-
rapidly ·~1th distance from the ring along the longitudinal· 
~·· 
axis of the shell. Good agreement between theoretical 
and experimental stresses was obtained at all points e:x:oept 
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II., THEORETICAL ANALYSIS ·I • 
. 
i 
I-, A-~descr1pt1on·or the ane .. lytical model is g1ven'11n 





displacements and stresses of the shell are presented. '· 
' 
A. Analyt.ical Model 
. 
A oement kiln or any cylindrical shell 
cont1nously supported at the stiffener rings by two 
.,. 
rollers can be accurately approximated by a o1roular 
shell as shown 1n Figure 1. The analytical model is a 
circular oy11ndr1oal shell supported by two cylindrical 
rollers at the centerline of the cylinder. The only 
load considered acting on the shell 1s the dead weight 
of the shell. The basic boundary conditions are: 
(1) axial and tangential displacements are zero at the 
stiffener ring support, (2)« radial displacements of 
the shell are equal to radial displacements of the 
stiffener ring, and (3) displacements are symmetrical 
L about the point x = O and x = 2. The radial d1splaoements 
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in Section II, Part c. 
~1splaoement Equilibrium Equations 
The differential equations for the displacements 
u, v, and w which define the deformation of a shell 
' have been derived by T1moshe.nko (Ref. 3) , Wang (Ref. 9) , . · 
;g -
· and Flugge (Ref. 8) based on earlier work done by 
. _.. ._,,_, '• .-, ·-· 
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' \· Reissner (Ref. 1). The d1fferent18.1 equations 
for displac_ements are based on the following· 
"I' 
assumptions: 
(i) The.normals of the -undeformed middle 
surface are deformed 1nto normals of the deformed 
middle ··surface. 
(2) The stress oomponets normal to the 
·middle surfac·e are small compared w1 th the ot·her 
strain relations. 
;-t,--. 'f ' ,__ -
I 
(3) All d1splaoements are smallr they are.negi1g1ble 
compared with the radii of curvature of the middle surface. 
and their derivativesare negligible compared with unity. 
The displacement equilibrium equations taken from 
Wang (Ref. 9) are: 






. - . 
__ (l) 
.- __ ~(2}_ 
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t-~· . -·,- - • 
• . . 1j 
. l 
__ (3) 
·The fifth and·sixth terms in the second equation and 
the four.th and fifth -terms 1n the third equation:; are small 
quantities that could be neglected but they will be retained 
.... . 
for this analysis to improve accuracy. The.load p1 equals 
, zero; p2 is the tangential· component of the weight, and .P3 
is the normal co·mponent of the weight (Fig. l) • 
A finite-difference approach will be used because there 
is no pure mathematical approach that will consider the dis-
placements of the oylinder at the stiffener ring support. The 
partial derivatives of the displacements will be approximated 
by central finite-differenoes. Th-1~ approximation is satis-
factory provided the mesh size, h, is small. A displace-
ment with a subscript x + 1 represents a displacement one 
mesh distance in the positive x direction beyond the dis-
placement in question whiol1 has a subscript x. Similar 
reasoning holds for all other subscripts. The displacement 
equilibrium equations with central finite-differences sub-
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· i;,.(~+,,.-2U,t,e+U~-t&) + ~1- (~,•+1-2 ~,e-+~.~-J 
' :· ' ~ _.,. ·, · .... - ' ,., ., ' . ' -
;(, ' . 
, ··1 ·n~ 
: .., ~ ',- ' ' 
. ~ 
• ,' T ', 
+ ~+h1;_ {~t-1,&+l -~-t~.,.,-~.,., •. , + /'{-~~-,) ' 




,:,;r ( lfx+~&+/ -l!,..,
1
1,+1-f{+~-&-I + l{.t &-I 
+ 1-~ (l'{.~e-21\!;,e- +~-~&) + R(~,,,,.,-2~e-+~~1)-) , . 
- 2~h ( O{Je+J -~ &-1) + 2f; h s( ~+ie+i-V{+,,fr-t-2 ~.• -, 
. t ' 
. ' . 
f- - . ; 
+2 LA.fx.~+1 + ~-~•r1 - ~-~~-,) + 24r;h~{ ~,e-+z-2 ~,e--,~~i:: 
-'4)~-1.)-2::~{~i){;t(+~~-2;v;,. +~-~~) 
t 2 I . \ ) ,,p,,, (1--v1.) 
+,2a.Z1,2. lll!.,•+1-2~.• +11(,f,r' + v=Et = Q 
,' I 
__ (5) 
- 2~~3 0c,,-11 fll-l -~,_~6·/-2~ .. +I + 2 ~151-•I +~-~ • .,.I -~~~,9,-J) .. 
~ 2:;3(~~t2-2~.,.tl + 2~ ... -, -~ .. -2.) 
+ a1Ps(1-v 2) = Q . 
. Et ' . l . ' . 
. \' '. 
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Solving Equations (4), (5), and· (6) respeot1vely'for 
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·.l The above equations will be used to obtain a 
. -,,, ,, 
s_ystem of s1_·mul taneous equations for th_e d.1splaoe- · · ___ _ 'I . : ,. ' . 
\< .. \·. 
'' . 
' . ' 
~ . . ·.~ 
ments at each point on the middle surfaoe of the 





... . . , 
· will be solved by a computer and the solution .will 
be discussed in Section ·rrt. 
,. 
The tangential and radial ()oad terms will now 
be determ~ned. ·The loads Pi and p3 a.re due to the 
weight of the ~ylinder per middle surface area.~ 
i, ' 
W _ Total weight of Cllinder_ 2~na
8
tr= t~ 
- Middle surface~area - ~ 
~ ---~--
/ 
Referring to Figure 1, it can be seen that: 
p2 = tr sin -& 
and - ' L - i-
PJ = t ~ COS '6-
' 
' . 







i ... :-1 
/' 
The ·above terms for p2 and p3 are substituted 
respectively into Equations (8) and (9). 
Displacements At Stiffener Ring Support 
-At the stiffener ring, the shell cross-seot1on 
remains essentially oiroular under loading. Thus 
~ 
I • I 
u and v are assumed equal to zero. The radial 
. 
41splacemerits can be determined by Equations (5)' 
and ( 6) from Benner (Ref. 10) • Benner' s deri vat·1on 
1s based on the equation for radial displacements 
of a bar having a circular centeJr,-'l.ine as g1 ven· by 
Timoshenko (Ref. 2). 
,. 
;. · .. 
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The equations ~sed to determine th~ radial displacements 
I 
at the stiffe~er ring ares 
3· 
W = Pa - 1 -Kcos ·ii-: ..!...(:J2costJ-
. 21TE I1 cos A - 4 





3 _ . 2 
lJJ-* Pa Ts1n-e- +Xcos t> - 1 - ~ cos -e-27TE I ·COS A 4-
r 
+ ~ (t+{A-1T}tanA)tts1ntJ-+ f-e-cos e 
For (rr->.) :: e, ! 7T {11) 
where 
- 1T T = - 2(1+[>.-TT} ta.n A 
and 
x= 
2 2 · . 
- co~2A +A;" -f(t+{A-17} tan.A)tan A 
;, l 
.'!. .•· 
•, ·; . 
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D •.. ! · Stress Component Equations . . · .. 
. 1 ' The stress c-omponents are det~rm1ned by Equat1 ons 
-(12.51) from Wang (Ref. 9).- These equations are 
reproduced. below: 








In the above expressions, f4-o,fe-0 ,and ~0 are the strains 
in the middle surface of the -shell and X. , v and "V 
- ~ Ae, A,t.e, 




Expressions for the strains and curvatures, in terms 
of the displacement partial derivatives, Equations 
(12.57) from Wang (Ref. 9), will be substituted for the 
strains and curvatures into the above equations: 
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. . Central f1n1 te-differenoes · ·w111 now be· subst1-·-·- 1:< 
tuted for the displacement partial d~;riva.tiyes: 
... 
n-_ E U11t+11e-U111-1,• +Y(I~ 1-)(. /\faf,,V'-t1 =-_N,,_,_.., \ 
VIJC f-Y2 2 h .. °' . · 2h . F .. ':' • 1 
·- 'VtAJ;,;,• ...;.A( ~rl,.-2~,e,+ ~-,,~) · 
~ , ha -
l .. /~ 
. +v1(w~1~,-~':'··+~.~-, ) 
I 
J •• ' 
_____ (18) 
" , .. •f 
__ (19) 
_ ~ (ILG..,.,1 .. -~-,,e- )- a ~ ... , .• -,-~~ ...... , ~ 2 h 2h2 -
-~ ... ~ .. -, + ""··~ •1-•)} 
__ (20) 
... 
After the displacements are determined at each point 
on the middle, the stresses can easily be calculated 
by substituting into the above equations. The calcu-
' \ 
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!II. COMPUTER ANALYSIS 
This section gives a desoription·of the procedure 
~sed to solve the theoretical displacements and stresses~ 
in the cylindrical shell. I • 
A. Linear Eguations For Determining Displacements 
Equations {7), (8t,), and (9) are the general 
equations for determining the displacements at 
' any point on the shell. By using these· general 
equations, a specific linear equation can be written 
for the displacement of every point on the shell. 
By dividing one-half the length and one-half of the 
circumferenoe of the cylinder respectively into 
(M-1) and (N-1) equal parts of length h, a system 
of simultaneous equations with (JMN) equations is 
obtained. The basic boundary condt tions specified 
in Section II, Part A, reduces this system of simul-
taneous equations to J(MN-N) -N equations and unknowns. 
B. · Solution of the Equations For Determining Displacements 
The Gauss-Seidel iteration method is used to solve 
' .. , .. 
1 were obtained with one···hundred iterations, the change 
this system of simultaneous equations. Accurate results 
in displacement at the one-hundredth iteration was less 
;;:,·" 
than 0.000002. The ratio of mesh size to cylindrical 
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The flow chart, computer program and compu~er results 
·are given in Appendix 1 and 2. 
. :l-:,,1 ·-· 
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Onca the displacements are determined, the c1rcum-· 
· ·ferent:1JS,l 9 axial, and shear stresses are determined 
from Equations. (18), (19), and (20) respectively. The 
I .. . 
stre,ssee on the inside, middle, and-outside surfaces , 
6' 
are determined by setting respectively Z= ~ , z::O, 
and z .g~! in Equations (18), (19), .and (20)~ The 
inside, mid.dle, .and outside stresses from the edge ·of 
I 
I ' 
the stiffener ring to x:2£ ar,e in .Appendix 2. The 
stresses from x~Sf to the center of the shell are 
negligible, therefore -are not included in Appendix 2 • 
.. 
,. 
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IV, EXPERIMENTAL ANALYSIS 
< 
;.:'. ,.v . 
! 
- This seotion· describes the····exper1mental approach used 
·to determine the o1roumferent1al and axial stresses in the 
shell. A description of the experi~enta.l model and the 
experimental procedure is also inoluded. 
· A. · Experiment.~* Model 
. '_ 'i, 
. .. 
.. 
The mod·el was prepared .by Patel (Ref. 12) from 
Plexiglas-plastic. 
The dimensions "of the experi·mental model· follow 
(Fig, 1): 
1. Shell 
a. Total.l~rigth of shell· •••••••••• 51.25" 
'b. Inside diameter •••••••••••••••• 9. ?5'' 
c. Outside diameter •••••• , • • • • • • • • 10.00 11 
d. Thiokness·of shell ••••••••••••• O .125'' 
2. Tire 
a. Width of tire . .............. ' .. 1.875'' 
b. Inside diameter or·--fire •••••• , • 10. oo•• · 
.... ~, ....... •--- . 
.. : 
c. Outside diameter of tire ••••••• 11.274" 
d. Thickness of tire •••••••••••••• O. 637•• 
). Rolls 
a. Width e e • t e e I • e e I t I t e e I I I e I t I t e • 2'. 375'' 
. 
,,-, ,t 
·b, Outside diameter • • • • • • • • •. • • • • • • 2. 75'' 
' ,, 
·, 
The model was supported at the stiffener ring 
by a bloclr of wood which contained the rollers (Fig. ·1l ,. · 
l. • ' 
r"' 
,• ... ,, '. 














1'. ~ .. -
. . \; 
: ., i .. 
. ',, ' 
..... -,•w·--·-,.··----- ___ !. ., ••.• ' , •. r·.,,., ___ :....._,..__ ···~·····. ' ,• 
· B~ Material Properties of the ·Model 
' Patel (Ref. 12) exper1mently determined the Modu-
lus -of Elasticity to be 494,000 psi. The value of 
Poissionis ratio 1ias obtained from Rohm and Haas·;· 
~1ladelph1a, and equals o •. J5. ' ' . -~ 
. ' 
C. · Exper1·mental Procedure 
;.~ 
'• 
I I ·,~.... > ' ' - ;'. ' •' ' 
Five SR-4 rosette.strain gages were·used to 
measure circumferential and axial stresses at the • 
0 0 0 · stiffener ring edge at O, 120, and 180 and at x ~ 
2.60 inches at 0° and 180°. Ten single SR-4.gages 
were also located as follows: 




2.60", J.90", and 
100° X = 0'' and 2. 60•• 
5. 20'' 




120° x = 2. 60" and 5. 20" 
180° X = 5. 20'' 
Axial direction 
Axial direction 
All gages were applied to the inside surface using 
' 
standard application procedures. 




,·. ,··· :· . ' 
. . . :, 'i 
Manufacturer: Baldwin - Lima - Hamilton Corp. 
~· ' :}~-.,;. j, _:,,, 
. '- . ,·:· ' ',' - . ,' ,, ~ . 
' • J -., ' 






-18- , I~ .. -
... , 
' ' 





/ I •• ,.' • 
. :·t _;<!t_>_t.~.1> ; ,· 
.. 
., . 
'~ • ,1 
'' , . ~ . -
:., ·. 
' . 
'r. \ ' . .,·, ','! i I 
' -.. . 
' ' ' 
' . 
'. 
. . . 
"=' 
' ' 














\' ---- --- -
.I . - .. - . } 
' ' 
·. ··.-· ... ~~\ 
'. 
. 
. ,. . . . '· 
. 
., .,-









... ,. ' 
·~ Gage Factor.J, ·- ..... 








· 1·2 O. O + 0 • 2 ohms .... 
2.02 
" 0.28 
A2J > ..• 
,I. . 
.·2. 05 




A Baldwin.- Lima~ Hamilton.Type 120 Strain Gage 
Indicator and two Balancing and Swltching Units were used 
to measure t,he .. strain. 
The gravity forces were obtained by placing short lengths 
of t•• by I" cold rolled steel bars. lengthwise on the cylinder. 
Double stick Scotch brand pressure sensitive tape number 400 
\, 
was placed between the outside surf~oe of the cylinder and 
the steel to hold the latter in plaoe. 
After all the weight was applied for fifteen minutes to 
permit 1n1 t1al creep pheno·mena to cease (Ref. 12) , the ru·11 
load strain readings were recorded. A one-half load reading 
was taken after one-half of the steel weight had been re-
moved for fifteen minutes. Finally, all the steel was re-
moved to give a zero load reading. 
The experimental stresses were calculated using the fol-
lowing equations: 
Stress at load = O. 494 x (Load reading in 1noh/1nch 
- Zero load reading 1n 1nch/1noh) 
The ·experimental axial and. ciroumf erent.ial stress data 
_/ 
·'' .. , 
. 
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are 1·n Tables 
The full I:bad. weight 











is equal to one 
half-load weight 
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.••.• A •. Displacement Results 
'·1 




No experime,nta.1 displacement measureme·nts were 
made; therefore only theoretical displacements are 
. ~ . 
\ 
available. From Figures 4, 5, 6, ·· 7, 8, and 9, 1 t is 
apparent that the displacements decrease in magnitude 
rapidly as x increases. The r~dial d1$plaoement de-
, q 
-· I . 
. ·n·· ··-,1"-
o reas es extremely rapidly_ f~om x = 0 to x = 4• 
B. Stress Results 
··'! ,. .. ' 
Gdod agreement between theoretical and experi-
mental circumferential bend.ing stresses (Fig. 10 and 
D 11) were obtained at section x ,(! which ls 2.60" 
I 
,, 
from.the edge of the stiffener ring. At the section 
.at the edge of the ring, agreement was not good be-
cause of the influence of the ring. The experimental 
circumferential stresses at this section are oonsid.er-
ably less than the theoretical stresses. The theo-
retical circumferential bending stress decreases very 
D rapidly from X = 0 to X = g• 
Comparison of theoretical and experimental axial 
bending stresses (Fig. 12, 13, and 14) show good agree-
. ment except at the edge of the stiffener ring. At the 
ring, the discrepancies are large except at one, ~hundred 
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' 'J.. ___ ..... : 
\ ' 
There are two principal reasons for the dtscrep- .. -
ano1es between the experiment~l and theoretical 
stresses: 
.. 
.- (1) In the _analytioal model, the effect of the· 
very high circumferential bending stresses, due to 




o, influences -the stresses at the neighboring 
points. I 
....... 
(2) A high stress gradient exists at the edge of 
~\' ' 
the ring, ~nd the strain gage averages this stress 
. ....... ''~ ,· 
gradient over a gage length of o.40 inches. 
We can conclude that the analytical model is 
useful to calculate -stresses at the section for x ~ Ji · 
~·}{ 
from the edge of the stiffener ring. The analytical 
model can not pred.iot the stresses in the cylinder 
under the ring. 
. .. 
Detailed computations of- the theoretical displace-
11' 
'ments and stresses are presented in Appendix 2. 
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FIGURE 1 f -
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RADIAL DISPLACEMENT\,.: VARIATION WITH LONGITUDINAL LOCATION' 
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. .. . '\,\ 

























~ ANGULAR LOCATION ., en 












. AXIAL DISPLACEMENT VARIATIQN_,·wr .. TH ANGULAR LOCATION ·' 
•, .,• ' • M ' • ,-: 
' ~·_,' 






·. . ("" . 







•· . ' 
..• I ' 
' ' ,1."'· :,.'·- .·_ .• 
I"' 
1, '•• 
















: ~ :··..,. " . 
H 
~ 











" ''--~ ~L:--~= 
¥/ D Jf 2D .5f 
I LONGITUDINAL LOCATION 
-o.0001--,--t+---_._/-+------1-------.-----.------1-....._~ 
I 




Ecge of ring 
.FIGURE f 
0 
-------'-----4XIAL DISPLAGE-ME-NT-- VARIATI-ON WI·TH LONGITUDINAL LOCATION· 
-31-











'••,I' I\,'!, : 




·Full Load of 118 lbs. 
, +20. 






-20 f€ ' X· 
:z; 
H 















a---~ fa D 
- -4 H 
t.) 











CIRCUMFERENTIAL STRESS VARIATrON' wr·TH ANGULAR LOCATION 
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·. · CIRCUMFERENTIAL STRESS VARIATION WITH LONGITUDINAL LOCATTION 
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-_ EXPERIMENTAL STRESS DATA FOR· FOR HALF LOAD Q:R.- .. 59 lbs. 

















-164 •. 2 -18.5 0 
60° +1Jo4 +10.l +6.,3 
120° +26oJ +11. 3 -3.9 
180 0 -12.9 +4 •. 5 
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- FLOW CHART FOR C or1PUTER PROGRAM 
INPUT 
a, t , '<, E, N, M, Adev, Kinax 
IT,~, as.ft. , W . 
Calculate coefficients of 
Equations (7) 0 (8)vand(9) 
' 
" ' 
Caloulate displacements at edge of ring 
w,R.=Equation (10) or (11) 
lls.R. =0, O and vs.I\ =0. o 
u,v,w=assumed initial values 
Specify symmetry 
conditions for u 9 v,and w 
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. Computed values o~ displacements · r Or 0$x~~ and 
computed val11es of axial and circumferential bend1~ 
stresse~ for O~x:!:t are given·on the following pages 
·~ ,- .. 
..-- . 
• ci 
tor a full load of 119 pounds. The computations of stresses 
at sections where x>2f at full load and all computations 
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